Quaternions
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Definition
q =4q, tiq. + jg, + kq. (1)
Product of Two Quaternions
gp = (g, + iq. + jq, + kq)(p, + ip, + jp, + kp.)
= qup + 10,0+ Jaup, + kaup. + Gqp, + ixiqp + xja.p, + ixke,p.
+ .lqypw + J*lq}Pr + J*qupy + J*k%P
+ kq.p, + kxiq.p, + kxjq.p, + kxkq.p.
= qwpw tiqupe ¥ ja.p, + kqp. + i p, — 4 pe lquipy - ja.p.
+ ja,py — ka,p. — a,p, + iq,p. + kq.p, + jq.p. — iq.p, — q.p.
So,
ap = (4,p. = 4P, — 4,0, = 0.p) + ilg,p. + 4.0+ 4,0 ~ 4.P) @)
+ jlg,p, — a.p. + 4,p, + q.p) + klq,p. + a.p, — q,p. + 4.D,)
Product of a Quaternion and a Vector
dqg = (=v.q, — v,q, — v.q.) + ilv,q, + v,q. — v.q) 3)
+ jl=vq. + v,q, +v.q) + kivg, — v,q. +v.gq,)



WVe T av. = oq.vy)
q.v. + q.v, — q,v))

gd = (—qv, — q,v, — q.v,) +

ilg
+ Jjlg,v, — qv. + q.v,) + k(

gd = (—q,v, +q,v, + q.v.) + ilg,v, — q,v. + q.v,)
+ j(qW v} + qX vZ - qZVX) + k(quz - qx Vy + qux)

Conjugate

g = q, - iq, — jq, — kgq.

qq¢" = (¢,9, + 9.9, + 9,9, + ¢.4.) + i(—q,9, + 9,9, — 4,9. + 4.9,
+ Jj—q.9, + ¢.9. + 9,9, — q.q.) + k(—q.,9. — 9.9, + q,9. + q.4,)

2 2 2 2
= qw + qx + qy + QZ

For a vector (i.e., a quaternion with no scalar part),

A

ViRV, = (= VixVax 7 ViyVay = ViV z)+l( Vo, vlzv2y)+j(_ VixVa +Vlzv2x)+k(lev2y - vlyv2x)
—_ — A. A. A
VoV = (= vy vy — VoyViy = V2zV1z)+’(V2yV12 - VZZVly)+](_ VoxViz +szV1x>+k(V2xV1y - v2yle)

Useful Formulas

e = (pyqw = P4 = Pyq, — P:q.) + i(pug. + pgn t P4~ pq,)
+ jlpya, — pg. + pyq, + p.q) + k(p,q. + p.q, — p,q. + p.q,)

(pvqw — P9, — P4, — p.q9.) + i(=p,q. — pq.,— P,q. t p.q,)
+ j(=p.a, + p9. — p,q, — p.q.) + k(- pg. — p.q, + p,9. — p.q,)

(¢yp. — a.p. — 4,p, — q.p.) + i(—q.p, — 4.0, — q.pP, + q,p.)
+ jl=q,p, + 9.p. — a.p, — q.p.) + k(—q.p, — a,p. + 9.p, — 4, p.)

(¢yp. — a.p. — 4,p, — q.p.) + i(—q,p. — q.p, + q,p. — q.p,)
+ jl-q.p, = a¢.p. — a,p, + a.p.) + k(-q,p. + ¢.p, — a,p. — 4.p,)

Py = 4.P, *t 4,p. — 4.p,)

¢p = (g0, - ¢.r.— a0, — @.p.) + ;
(—q.p. + 9.0, — q,p. — 4.p.)

HE"
+ Jjl=q.p, — a.p. — q,p, + q.p.) + k

So,

(4)

©)

(6)

(7)

®)

)

(10)

(11)

(12)

(13)



(pqg) = 4q'p (14)

Quaternions vs Matrix Multiplication

We can show that a quaternion transformation is equivalent to a matrix multiplication.
v = gqvq = (q,tig.t]q, k) iv.+jv,rkv)(q,~ g~ Jq,~ kq.)

= (;'\qux-i_} q\’v’vy—}_é quvz_ qX vx+l}qxvy_ ‘;.qXVZ_ I}qux_ quy—‘rgq“vvz
+jg.v.—iq.v,—q.v.)(q,~iq.,— jq,— kq.)

=/ (—qv,—qv,—qv.)+ilq,v,tqv.— q.v,)+jlqg,v,— q.v.+q.v,)
+k(q,v.tq.v,—qv,)](q,—iq.— jq,— kq.)

+i(q,v,tq,v.—q.v )q,—iq,— jq,— kq.)

+jlqg.v,— q.v.+q.v.)q,— iq.— jg,— kq.)
+k(gv.tqv,—qv e, —iq.—Jjq,— kq.)

=(-q.v,i—q,v,—q.v.)q,~ iq,— jq,— kq.)
(

= (= 4,9.Vs— 4,4,V 4,9.v.)+i (g2, +q.q,v,+4,9.V.)
+j(q,9,v,+q,v,+q,9.v.)+k(q,q.v,+q,9.,v,+q’v,)
+i(q@ov,+4,9,v.— 4,9.v,)+ (4, 4+ 4:9,v.— 4.9.,)

A

2 “ 2
- k(q,q9,v,vq,v.— q,9.v,)+jlq,9.v.+q,q4.v.— q.v,)
+jlgnv,— 4,9,v.+4,9.v.)+k(q,q,v,— ¢:v.+q.q.v,)
+(q,9,v,~ 4,9,v.74,4.v.)~ i(q,9.v,~ 4,9.v.+¢.v,)

+h(qov. 44,4V, — 4,9,V — (4,4, v.+4v,— .9,V,)
+1(q,q,v.%9,9,v,— ¢,v,)+(4,q.v.+q.4.v,— 4,4.,)

>

= +qov,+9v,— ¢ovi— ¢v+24,9,v,— 24,4.v,+24,9.v.+24,4,v.)
+7(29,4.v.26,4,v,+qv,— @2V, +q,v,— 4:v,+24,4.v.— 24,4,v,)
+k(29,9.v,— 29,4,v,+24,9.v,+2 4,4, v, @v.— q:v.— ¢,v.+q-v.)

Because we're working with normalised quaternions,
v'oo=il(1-24—-2¢)v,+2(q.9,— ¢.9:)v,+2(q.9.+¢.q,)v.]
+j(2(q,9.+q.9,)v.(1- 242 24%)v,+2(q,9.— 4..9,)v]
+k(2(9.9.— 4,9,)v.+2(q,9.+q,q.)v,+(1— 2¢2— 2¢°)v ]

Which is the same as multiplying by the matrix:

1-2¢5-24>  2(q.9,— 9.9.) 2(9.9-+4.9,) | |v,
v o= \2(q,9.79,9,) 1-2q¢:-2q. 2(q,9.—q,9,)| |v,
2(q.9.— a,9,) 2(q,9.+q,9,) 1-2q.—24, | |v.

Combining Rotations

We can easily derive the formula for a quaternion that represents a general rotation. Let €;, &, and
€3 to represent three mutually perpendicular unit vectors, where we rotate first by around €, then
€,, and finally &;. The rotation is:



0 0 0 0 0 0
R,R,R, = (cos==~ + é&,sin=>)(cos== + &,sin—=)(cos=~ + &, sin-+
ERACTAS| ( B 33y ) B 2315 ) 3 1515 )
0; 0, N 05 . 0, s 05 0, aoan O3 0, 0, L .0
R,R,R, = (cos==—cos=— + é,cos——sin=—— + ¢€,sin-——cos—— + ¢€,*¢é,sin—sin—)(cos— + &, sin—
3T ( 2 2 27 2 32 2 S ) 2 ) 2 ! 2)
0 (% 0 (% 0, . 0 0, . 0 0 0, .0, .0
R,R,R, = 0052—3cosz—20052—] + 1?10052—3C()52—251r12—l + ézcosz—3sm2—2cosz—l + éz*élcosz—351n2—2s1n2—] s
0, 0, (15)

s 0, 6, PP fa 05 0y N R
+ é€;sin—=cos—=cos— + &;*& sin—~cos—=sin— + ¢€,*é,sin—=sin—~cos— + €*é,*¢é, sin—~sin—sin —
2 2 ; 2 2 2 ; 2 2 2 ; 2 2 2

It will be convenient to define the variable e
éxé, = eé, (16)

where e = +1 depending on the order of rotation. We also know

AL A A A AL A
éxéy = %, = exé; = —1 (17)
Then
Nau A aaA
¥eke = eexe = —e
1 1 1 e
N A PN Aa A N A A
Exé, = 6, x(—é.%8)) = ——&éxé xé, = —6, = =6, = e
2 € 1M\ €376 o E27027 P JERe 3 (18)
N L [ S PO A
G €, = éx(=Ey%¢é,) = —éxéyxe, = ——¢, = 56 = —ee,
e e e e

My logic in that step may be sloppy because I've taken cross products of scalars and vectors, and
I'm not sure that's meaningful. However, it works in this case. See the end of this document for a

more detailed proof.

Substituting into (15),

= 05 c0s 2 cos? 4+ 2 cosPcos2sin O 4 £ eos P sin 22 cos L £ cos 2 sin 2 i 01
R,R,R, = €08 5= 08 5= 08 5 + ¢, c0s5=cos;=sin 5 + €,008 5" sin-=cos > + ed;cos = sin>=sin;
e psin® o0 00s® g sin® cos % in L 0,0, 0, .0, 6, 6
ezsm—cos—cos— EZZSIIl*COSfSHl* + GEISIIlfSII’lfCOS* eSsin —Ssin — Sin—
3 2 2 2 2 22 2 202 2
And rearranging terms gives
0 0 0 0 0 0
R.R,R, = (cos=>cos—>coS— — esin—>sin—=sin—
3T ( 2 2 2 2 2 2)
.0, 0, 0 0, . 0, 0,
+ eé,(cosS—cos—sIn— + eSsin—sSIn—CoS—
il 2 2 2 2 2 2 )
Ao 05 .0, 0 0, 0, 0 (19)
+ é,(cosS—SsIn—cos— — eSIn—CcoS—Ssin —
2 2 72 2 2 2 2 )
+ é(sin % cos P oos L + 0 gin2gin L)
€,SIN —COS—COS— e COS—SIn —Ssin —
3 2 2 2 2 2 2

In this derivation we assumed that the rotations around three mutually perpendicular axes. So while
this equation can be adapted to rotations in any order (by setting the value of e appropriately), it is
not valid if two of the rotation axes are the same. (E.g., if we rotate around the y-axis, then around
the x-axis, then around the y-axis again, the equation is not valid... or is it???? Need to review this.)

General Derivation for any Rotation Order

From (19), the components of the resulting quaternion are given by



0, 0, 0, .0, .0, .0,

Py = cosycosscosyt — esino*sinosint
00593 cos %, sing1 + sine3 sing2 cosel

pi = cosztcosztsingt + esin*sinocos -
2 2 2 2 2 2

0, . 0, 6, 0, .0,

Py = cossEsingEcossh — esinz*cos Esin ot
_ . 93 92 91 4 93 . 92 . 9[

p; = sin5=cos*cos> e cos % sin 5 sin >

(20)

Note: Although p, is the scalar component of the quaternion, and pi, p», ps are the remaining
components, the subscripts indicate the order of rotation. So for example, if the rotation is around
the y-axis, then around the x-axis, then around the z-axis, the quaternion representing the combined

rotation is ( Po, P2, P1, p3): not (pO; P1, P2, p3)'

To make the derivations easier, we'll use the notation:

0, . 0,
c, = cos— s, = sin—-
! 2 ! 2

Similarly for c, s, csand s,

The half-angle formulas can be written:

1 . 22
s,¢;, = —sin0, c, —s] = cos0,

2

So (20) can be written

Py = GG — €8535,5,
P = oSt oesss,c
Py = G386 — €83C,8,

P3 = S36,¢ + ecss,s)

1)

(22)

(23)

The squares of the components will be useful in our derivation. Note that because the variable e

only takes on the values +1, we know ¢ = 1.

2 2 2 2 2. 22
Do = cic¢] — 2ecys;c,8,008, + 835,85
2 2 2 2 2 2 2 2
P = C3Cy8) + Z2ecys;e,s,c08, +o838,C 24
2 _ 2 2.2 222 ( )
Dy = 38500 — 2€e03858,6,C,8, + 85658
p§ = Sicicf + 2ecys5c,8,¢008, + cisisf
One more useful expression is
2 2 2 2
cos0,c080, = (c,—s,)(c,—sp)
_ 22 22 22, 22
= c,Ccp,—C, 8y~ S, CpTS,8,
_ 2\ 2 2 2 2 2 2\ 2
= (1-s,)c, —c,s, —s,c, +(1=c))s,
_ 2 2 2 2 2 2 2 2 2 2
= ¢, —s,¢, —c,8, —s,c,+ts, —cC,S,
_ 2 2 2 2 2 2 25
= (cy+s,) —2s,c, —2c,s, (25)

= 1 (i)

1
sicitcs, = 2—(1—cos 0,c0s0,)

Calculating 6;
From (23),



boPs = (030201 - 8533251)(5302‘71 + ec3s2S1)

_ 2 2 2 2 22
= 038,60 F €03C,8,0,8, — €83C,85,C8, — C35;5; 5
Also from (23),
PPy = (63658 + esys,¢))(c38,¢, — es;0,8))
_ 2 22 2 2 2
= (50,5,0,8, — €C38;C38] + €C38585¢] — 8§3C,8,C,8,

Combining the two terms,

_ 2 2 2 2 2 2
PoP3s — epi Py = C383C,C1 T €636585€18] — e836;876718] — C35;5,5)
2 22 2 2 2
— ecyersyers t o C3850,8] — C38385,0 T esyersyersy
= C38,C5CT — C38;558] + C385,C58T — C38,85C)
2 2 2 2 2 2 2 2
= 0385650 F C385C,8] — C3838,8] — C38355C)
. 2, 2 2 2, 2 2
= C3S3cz(cl + 51) - C3S352(51 + Cl)
2 2
= (38536, — C3835,;
_ 2 2
= c;85(c; — 53)
Using (22)
1.
PoPs — epp, = 55m93C0592
sinf;co0s0, = 2(pyp; — ep,p,) (26)
From (24),
2 2 2 2 2 2 2 2 2 2 2 2 2 2
P, + P3 = 3S,C — 2ecy8585,C,0,8, + S56,8] + s56,6, + 2ecy8;,¢,8,¢,8, + €355,
_ 2.2 2 2.2 2 2 2 2 2 2 2
= c38,c] + s3¢,8] + s3¢,00 + 58,8
= c%s%c% + c%s%s? + sic%cf + sgcﬁsf
_ 2 2/ 2 2 2 2 2 2
= c3s2(cl + S1) + Szcz(cl + S1)
2 2 2 2
= ¢35, + $3¢,
Using (25),
2 2 1
p, + p; = 5(1—0059300592)
2 2
2(p; + p;) = 1—cosO;cos0,
_ 2 2
cosf,cos0, = 1-2(p, + p3) (27)
Combining with (26),

2(p0P3 - eplp2)
1-2(p; + p))

tan 0, =

(28)

This should be calculated using a two-argument arctangent function. There is a singularity where
both the numerator and the denominator are zero. Examining (26) and (27), we can see that this can
only occur if cos 0, is zero, which means 6, = +90°. We'll deal with the singularities later.

Calculating 6,
From (23),

bPoPr = (030261 - es3s251)(035201 - 6530251)
_ 2 2 2 2 2 2
= (5C,8,C] — €C385C5C 18] — €C38355C,8, + 83C,8, 8]

Also from (23),



PPy = (‘73‘7251 + es35201)(530201 + 9035231)

2 2 2 2 2 2
C3850,¢,8, + ec3¢,8,87 + es3¢,8,¢] + 3835,

Combining the two terms,

2 2 2 2 2 2
DoD> t ep p; = C36,8,C) — €e3Syerers] — €e3sySeysy 856,58
2 2 2 2 2 2

1 eegsseersy T G088 T S36,8,0 + eessysyers

2 2 2 2 2 2 2 2
= €3C,8,C] T 835C,8,8] + €5¢,8,8] + 83C,8,C]
2 2 2 2 2 2
cic,8,(c; + 57) + s56,8,(87 + ¢))
2 2
C3C,8, + §3C,5,
_ 2 2
= ¢,8,(c; + 55)

= 8,
Using (22)

1 .
PoP, T epip; = 551[192

sin@, = 2(p, p,+ep,ps) (29)
Calculating 6
From (24),
2 2 2 2 2 2 2 2 22 2 2 2 2
py + p, = oS + 2603S302S2S101 + 85385,¢; + ¢385,¢0 — Zec3s3szczcls1 + S55¢,8
_ 2.2 2 2 2 2 2 2 2 2 2 2
= c3C,8] + c38,¢] + 838,00 + 850,58
— 202 2 2 2 22 2 2 2
= ¢l s + 5201) + s3(s00 + ¢;s87)
) 2\, 2 2 2 2
= (C3 + S})(C2S1 + 5261)
22 2 2
= 8 + 8¢
Using (25),
2 2 1
P+ p= 5(1—c056200591)
2 2
2(p; + p5) = 1—cosH,cos0,
_ 2 2
cos0,c080, = 1-2(p, + p;) (30)
From (23),
PoP1 = (C3C2C] - eS3S2S1)(c3c2s1 + es3s2cl)
= C3CIC,S, t €C35,Co8,Cl — €C38,C,8,5 — §385C,8,
Also from (23),
P, p; = (035201 - eS3CZSI)(S3CZCl + ec3szsl)
= ;5,C,8,C, + €CiS5C, S, — €5iC5C,S, — C35,C8, 8,
Combining the two terms,
22 2 2 22
PoP1 — ep,P3; = C36,68 T ee5S3e587¢7 — ee3S363887 — 838,08,
2 2 2 2 2 2
€C383C58767 — C35,C8 T 836,018, + ee3876:558
= c%c%clsl — sgsgclsl — c§s§c1s1 + sgcgclsl
2 2 2 2 2 2 2 2
€36,C,8, + S3C50,8, — 8§38,C,8; — €38,C,8,

2 2 2 2 2 2
= 02‘3151(03 + 53) - 520151(53 + C3)
2 2
CrC18) = 85,618,

= Clsl(ci - Sg)



Using (22),

1 .
PoPy — €PyP3 = 581119100592

sinf,cos0, = 2(p,p, — ep,ps)

Combining with (30),
2([’0171 - epzp3)
1=-2(p} + p3)

tan 0, =

As before, there is a singularity where 0, = +90°.

Singularity at 6, = +90°

At 6, =+90°,
. 0, . 1
= sinzl = sin45° =
s, = sin sin 5
0
¢, = COSZ—2 = cos45° = —152
From (23),
_ _ 1 1 0,
Do = C3C,C, — €838,8, = \/—5(0301 es;s,) E(cosz—cos—
_ _ 1 1 0,
p, = ¢85, + esgs, ¢ = E(gsl + es;c,) = Tz(cosz—
_ _ 1 1 0,
D, = C;8,¢, — €5,C,8, = \/_5(0301 es,s,) @(cosz—cos—
_ _ 1 1. 0s
Py = 8,0,¢, + ec;s,s, = E(s3c1 + ec,s,) ﬁ(sm—cos—

Do = Py = 1—(cos@—}cose—1 - esin9—35in9—l)
0o - 2 = \F
2

2 2 2
1

B B 0, . 0, 0, 0
p, = ep, = \/—E(cos—sm— + esin z=cos )

2 2 2

If e = 1, applying the angle addition formulas gives

0,

Po = Py = 1—(cosg—3cosi - sin9—35in—) L cos
0 2 \/5 2 \/E

2 2 2

0;

.0 .0 0 .
p, = p, = \1/—§(cos2—sm—1 + sin=>cos—+) = 1ﬁsm(

2 2 2

Dividing the second equation by the first,

tan(0,+0,) = 2

Po

We can arbitrarily choose one of the angles. It's convenient to set one of them to zero, so

P
Po

0, =0 tan(0,) =

If e = -1, applying the angle addition formulas to (34) gives

1 1
2 2 2 2

0 0 0 0
Po = Py = ﬁ(cos—%os—1 + sin—2sin=-) = \/_5008(93_91) =

2 2 2

1 0, . 0 . 0 0 |
p, = —p, = E(cosfsm—1 — sin—2cos—+) = —\ﬁsm(@—el) =

(1)

(32)

(33)

(34)

(35)



Dividing the second equation by the first,
tan(0,—0,) = Ll
Po
Again, we can arbitrarily choose one of the angles.
P

0, =0 tan(0,) = — (36)
Po

This is the same result as (35), so it holds whether e is positive or negative.

Singularity at 6, = -90°

At 0, =-90°,
.0 :
s, = smz—2 = sin(—45°) = —lﬁ
0
¢, = cosz—2 = cos(—45°) = 16
From (23),
1 1 0 0 .0, .0
Do = C30,¢, — €538,5, = \/—E(Qc1 + esys,) = 3(0052_3(:052_] + esmz—gsmz—')
0, . 0 . 0 0
P, = €08, + es,s,c, = %(63‘?1 — es,c,) = 1E(coszismz—1 - esm2—30052—1) -
— — 1 — 1 93 91 : 3 1
P, = €;8,¢, — eS8,C,8, = \/—E(—qcl — es;s,) = —ﬁ(cosz—cosz— + esmz—smz—)
1 1 . 0 0 6, . 0
Dy = S;¢,¢, + ec,s,s, = \/—5(5361 — ecys,) = E(smzicosz—l - ecosz—351n2—l)
Do = —P, = 1—(cose—Scosg—1 - esin9—35in9—1)
0 2 V2 2 2 2 2
1 0, . 6, 6, 0 (38)
p, = —ep, = ﬁ(cosz—smz— + esmz—cosz—)

The formulas for po and p; are the same as (34) in the previous section, so (36) holds for 8, = +90°.

Summary
From (28), (29), (32) and (36),

A A

éxé, = eé,

2(popy — ep,p3)
1-2(p; + p3)

sin@, = 2(pyp,+tep,ps)

2(pops — epips)
1-2(p; + p3) (39)

Except:If 6, = £90°:
0, =0
- P

tan (0, )
Po

Note: Although py is the scalar component of the quaternion, and p,, p2, ps are the remaining
components, the subscripts indicate the order of rotation. So for example, if the rotation is around
the y-axis, then around the x-axis, then around the z-axis, the quaternion is ( po, p2, p1, P3), not (po,



P1, P2, P3)!

Detailed Proof of (18)

The most straightforward way to prove this is to work out every possible combination of our three
mutually perpendicular unit vectors.

order  &;%é, = eé, e e,x8, = eé, €6;%6, = —eél, é,xé,%xé, = —e
XYz  kxj=-i -1 jxi=—-k kxi=+j kxjxi = +1
YZX ixk = —;‘ -1 ;c*} = —i ;*} = +k ;*l}*} = +1
zXY }'*? = —k -1 ixk = —'j' ;*I} = +i }'*?*I} = +1
ZYX  ixj = +k 41 Jxk =41 ixk = =) ixjxk = -1
XZY }*I? = +i +1 kxi = +}' }'*;‘ = —k }'*I}*? = -1
YXZ kxi = +}' +1 f*}' +k IAc*} = -1 l?*?*}' = -1

In each case, (18) holds.

(40)
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